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1 Introduction

Let M be a closed oriented n-manifold such that π1(M) is virtually center-
less, it is Gromov-hyperbolic and it is torsion-free. We denote by T c

RPn(M)
the parameter space of marked convex projective structures on M . In this
paper we construct a compactification T c

RPn(M) ∪ ∂T c
RPn(M) such that the

action of the mapping class group of M extends continuously to an action
on the boundary. The construction generalizes the construction of compact-
ification of Teichmüller spaces, and is made by using some techniques of
tropical geometry we developed in [A1]. An interpretation of the boundary
points is then given in [A2].

If S is an orientable hyperbolic surface of finite type, we denote by T cf

H2 (S)
the Teichmüller space of S. The original construction of compactification
of T cf

H2 (S) was made by Thurston, who constructed a boundary ∂T cf

H2 (S)
with a natural action of the mapping class group of S preserving a natural
piecewise linear structure on ∂T cf

H2 (S).
Later, Morgan and Shalen constructed the same boundary using dif-

ferent techniques, mostly from algebra and complex algebraic geometry
(see [MS84], [MS88], [MS88’]). In their construction they identify the Te-
ichmüller space with a connected component of the real part of a complex
algebraic set, namely the variety of characters of representations of π1(S) in
SL2(C). This variety was generated by the trace functions Iγ , γ ∈ π1(S),
and the compactification was made by taking the limit points of the ratios
of the values [log(|Iγ(x)| + 2)]

γ∈π1(S). With every boundary points they as-
sociated a valuation of the field of fractions of an irreducible component of
the character variety, and this valuation defined in a natural way an ac-
tion of π1(S) on a real tree (a generalization of an ordinary simplicial tree),
whose projectivized spectrum corresponded to the boundary point. They
also showed that every action of π1(S) on a real tree induced, dually, a
measured lamination on S, recovering the interpretation of Thurston.

Note that the Teichmüller space has the structure of connected com-
ponent of a real algebraic set, while the boundary has a piecewise linear
structure. Moreover points of the interior part correspond to Riemann sur-
faces (complex algebraic curves), while the boundary points correspond to
actions on real trees, a generalization of simplicial trees, that are polyhedral
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objects. Hence both the construction of the boundaries and the interpre-
tation of boundary points seem to be the effect of a degeneration from an
algebraic object to a polyhedral object. This recalls directly some features
of tropical geometry, the geometry of the tropical semifield, a semifield T

with R as the underlying set and max and + as, respectively, addiction and
multiplication. There is a deformation, the Maslov dequantization, of the
semifield R>0 in the tropical semifield, made by taking logarithms of real
numbers with increasing bases. This deformation transform algebraic vari-
eties into tropical varieties, that are polyhedral subsets of Rn. A tropical
variety can be described as the image, through the componentwise valuation
map, of an algebraic variety over a non-archimedean field. We worked on
this subject in [A1].

Here we present a construction of compactification, born in the frame-
work of tropical geometry, that generalizes the construction of [MS84]. We
work directly with real semi-algebraic sets, and this allows us to consider
more general families of functions. Given a semi-algebraic set V and a proper
family of positive continuous semi-algebraic functions {fi}i∈I , we can con-
struct a compactification of V by applying the Maslov dequantization to it,
more precisely we use an inverse system of logarithmic limit sets, looking at
the asymptotic behavior of the functions log(fi) (see [A1] and section 2).

The properties of the Morgan-Shalen compactification can be extended
to this more general setting: if the family {fi}i∈I is invariant for the action
of a group, the action can be extended continuously to the boundary, and
the boundary is the image of an extension of V to a non-archimedean field.
Moreover, using the fact that logarithmic limit sets are polyhedral complexes
(see [A1]), under some hypotheses it is possible to give a natural piecewise
linear structure to the boundary. See section 3 for details.

To apply this construction to the space T c
RPn(M), we need to put a

structure of semi-algebraic set on it. To do this we need study the set of
characters of representations of a finitely generated group Γ in SLn+1(R),
denoted by Char(Γ, SLn+1(R)). We show that this set can be identified
with a closed semi-algebraic subset of an affine space Rm, and we prove
some other properties in theorem 4.3 and corollary 4.4. See section 4 for
details.

Then we recall the definition of the parameter spaces for marked and
based projective structures on an n-manifold M as above. We study the
relations between these spaces and the spaces Char(Γ, SLn+1(R)). More
specifically, we prove that T c

RPn(M) is a closed semi-algebraic subsets of
Char(π1(M), SLn+1(R)). This fact is based on some deep results of Benoist
([Be1], [Be2], [Be3]) and on corollary 4.4. Then we choose a family of semi-
algebraic functions on T c

RPn(M) representing the translation lengths of the
elements of π1(M) with respect to the Hilbert metric, and we use this family
to construct the compactification. This family is invariant for the action of
the mapping class group of M , hence the action of the mapping class group
extends continuously to the boundary. See section 5 for details.

In the companion paper [A2] we investigate which objects can be
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used for the interpretation of the boundary points. Points of the interior
part of Char(π1(M), SLn+1(R)) correspond to representations of π1(M) on
SLn+1(R), or, geometrically, to actions of the group on a projective space of
dimension n. Points of the boundary correspond instead to representations
of the group in SLn+1(K), where K is a non-archimedean field. In [A2] we
find a geometric interpretation of these representations, as actions of the
group on tropical projective spaces of dimension n.

Finally, in section 6, we apply our construction to the Teichmüller spaces,
as in [MS84]. The boundary constructed in this way is the Thurston bound-
ary, endowed with a natural piecewise linear structure, that is equivalent to
the one defined by Thurston. This shows how the piecewise linear structure
on the boundary is induced by the semi-algebraic structure on the interior
part.

2 Compactification of semi-algebraic sets

In this section, we apply the Maslov dequantization to a semi-algebraic set,
constructing a compactification. More precisely, we construct an inverse
systems of logarithmic limit sets, whose inverse limit we use to construct
the compactification. This inverse limit is a cone, and it is the image of
the extension of the space to a real closed non-archimedean field under a
componentwise valuation map.

This construction is a generalization of the Morgan-Shalen compactifi-
cation (see [MS84]). They worked in the framework of complex algebraic
geometry: given a complex variety V and countable family of polynomial
functions {fi}i∈I containing a set of generators of the ring of coordinates
of V , they constructed a compactification of V taking the limit points of
the ratios of the values [log(|fi(x)| + 2)]i∈I . Here we work directly with real
semi-algebraic sets, and this allows us to consider more general families of
functions. Given a semi-algebraic set V and a proper family of positive con-
tinuous semi-algebraic functions {fi}i∈I , we can construct a compactification
of V , in a way that is shown to be equivalent to taking the limit points of
the ratios of the values [log(fi(x))]i∈I . The properties of the Morgan-Shalen
compactification can be extended to this more general setting. This gener-
alization is important for the construction of the compactification for the
spaces of convex projective structures on a closed n-manifold, as the family
of functions we consider there is not a family of polynomial functions.

A compactification construction related to this one is the one in [Te],
called tropical compactification. The two compactifications are different, for
example the tropical compactification is a complex variety and the bound-
ary is a divisor, while the compactifications we present here don’t have a
structure of algebraic variety, here the objects we put on the boundary have
a polyhedral nature. Anyway the two notions are related, as we show in
subsection 3.2.
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2.1 Embedding-dependent compactification

Let V ⊂ (R>0)
n be a closed semi-algebraic set. We can construct a com-

pactification for V , using its logarithmic limit set A0(V ) ⊂ Rn, a polyhedral
fan.

This fan represents the behavior at infinity of the amoeba, hence it can
be used to compactify it. We take the quotient by the spherical equivalence
relation

x ∼ y ⇔ ∃λ > 0 : x = λy

and we get the boundary

∂V = (A0(V ) \ {0})/ ∼ ⊂ Sn−1

Now we glue ∂V to V at infinity in the following way. We compactify
Rn by adding the sphere at infinity:

Rn ∋ x −→
x√

1 + ‖x‖2
∈ Dn Dn ≈ Rn ∪ Sn−1

Given a t0 < 1, we will denote by V the closure of At0(V ) in Dn. Then

V = At0(V ) ∪ ∂V

Proposition 2.1. The map Log“
1

t0

” : V −→ V is a compactification of V .

The compactification does not depend on the choice of t0.

Proof. The map Log“
1

t0

” is a homeomorphism between V and At0(V ). The

set At0(V ) is closed in Rn, hence its closure is the union of At0(V ) and a
subset of Sn−1. As Sn−1 is closed in Dn, At0(V ) is open and dense in V .

Note that the logarithmic limit set A0(V ) is the cone over the boundary,
and for this reason it will sometimes be denoted by C(∂V ).

2.2 Embedding-independent compactification

This construction can be generalized in a way that does not depend on the
immersion of V in Rn. Let V ⊂ Rn be a semi-algebraic set. A finite family of
continuous semi-algebraic functions F = {f1, . . . , fm}, with fi : V −→ R>0,
is called a proper family if the map

EF : V ∋ x −→ (f1(x), . . . , fm(x)) ∈ (R>0)
m

is proper. In this case the map LF = Log“
1

t0

” ◦EF is also proper.

The image EF (V ) ⊂ (R>0)
n is a closed semi-algebraic subset, and we

can compactify it as before, by EF (V ) = At0(EF (V )) ∪ ∂EF (V ).
Let V̂ = V ∪{∞} denote the Alexandrov compactification of V . Consider

the map
i : V ∋ x −→ (x,LF (x)) ∈ V̂ × EF (V )

and let V F be the closure of the image i(V ) in V̂ ×EF (V ).
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Proposition 2.2. The map i : V −→ V F is a compactification of V . The
boundary ∂FV = V F \ i(V ) is the set ∂EF (V ).

Proof. The image of i is homeomorphic to V (the inverse being the projec-
tion p1 on the first factor). The space V F is compact as it is closed in a
compact. The complement of i(V ) in V F is the set p−1

1 (∞) ∩ V F , a closed
set. Hence the map i : V −→ V F is a topological immersion of V in a open
dense subset of a compact space, i.e. a compactification.

The boundary is ∂FV = p−1
1 (∞)∩ V F . The projection p2 on the second

factor identifies ∂FV with a subset of EF (V ). As the map EF is proper, we
have ∂FV = ∂EF (V ).

The cone over the boundary will be denoted by C(∂FV ) = A0(EF (V )).

2.3 Limit compactification

Here we present a further generalization of the construction of the compact-
ification. This generalization is needed if we want to extend the action of a
group on the semi-algebraic set to an action on the compactification, as in
subsection 3.1.

Let V ⊂ Rn be a semi-algebraic set. A (possibly infinite) family of
continuous semi-algebraic functions G = {fi}i∈I , with fi : V −→ R>0, is
called a proper family if there exist a finite subfamily F ⊂ G that is
proper.

Suppose that G is proper. Let

PG = {F ⊂ G | F is proper }

a non-empty set partially ordered by inclusion. If F ⊂ F ′ we denote by
πF ′,F the projection

πF ′,F : RF
′
−→ RF

on the coordinates corresponding to F . This projection restricts to a sur-
jective map

πF ′,F|At0
(EF′ (V )) : At0(EF ′(V )) −→ At0(EF (V ))

By [A1, prop. 4.7], the restriction to the logarithmic limit sets is also sur-
jective:

πF ′,F|A0(EF′ (V )) : A0(EF ′(V )) −→ A0(EF (V ))

Proposition 2.3. Let F ,F ′ ∈ PG. If F ⊂ F ′, the map πF ′,F|A0(EF′(V ))

induces a map
∂πF ′,F : ∂F ′V −→ ∂FV

Proof. We have to prove that

(
πF ′,F|A0(EF′(V ))

)−1
(0) = {0}

Let x ∈ A0(EF ′(V )) \ {0}, hence the set F̃ ′ = {f ∈ F ′ | xf 6= 0} is not
empty. The image of x in the quotient ∂F ′(V ) is the point [x]. As V F ′ is
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a compactification, there exists a sequence (xn) ⊂ V such that (xn) → [x]
in V F ′ . As in [A1, sec. 3] we can choose (xn) such that, for all function

f ∈ F ′ \ F̃ ′, the sequence log“
1

t0

”(f(xn)) is bounded. As the map LF is

proper, the sequence (LF (xn)) is not bounded, hence there is a function
f ∈ F such that log“

1

t0

”(f(xn)) is unbounded. Hence the corresponding

coordinate xf 6= 0, and πF ′,F(x) 6= 0.

The maps πF ′,F and ∂πF ′,F define inverse systems {At0(EF (V ))}F∈PG
,

{A0(EF (V ))}F∈PG
and {∂FV }F∈PG

. Consider the inverse limit

L = lim
←−

At0(EF (V ))

we will denote by πG,F : L −→ At0(EF (V )) the canonical projection. By the
explicit description of the inverse limit, L is a closed subset of the product:



(xF ) ∈

∏

F∈PG

At0(EF (V )) | ∀F ⊂ F ′ : πF ′,F (xF ′) = xF





For every x ∈ L, and every f ∈ G, let F be a proper finite family
containing f . Then the value of the f -coordinate of the point πG,F (x) does
not depend on the choice of the family F . This value will be denoted by xf .
The map

L ∋ x −→ (xf )
f∈G ∈ RG

identifies L with a subset of RG .
The system of maps LF : V −→ At0(EF (V )), defined for every F ∈ PG ,

induces by the universal property a well defined map LG : V −→ L.

Proposition 2.4. The map LG is surjective and proper, and it can be iden-
tified with the map

V ∋ x −→

(
log“

1

t0

”(f(x))

)

f∈G

∈ RG

Proof. We proceed by transfinite induction on the cardinality of G. If G is
finite, the statement is trivial, as in this case G is the maximum of PG , the
inverse limit is simply L = At0(EG(V )) and we now that for F ∈ PG the
maps LF : V −→ At0(EF (V )) are surjective and proper.

Now suppose, by induction, that the statement is true for all proper
families with cardinality less than the cardinality of G. We denote by P ′G
the set of all proper subfamilies of G with smaller cardinality. Let y ∈ L. By
the inductive hypothesis for every F ∈ P ′G , the map LF : V −→ At0(EF (V ))

is surjective and proper, hence the inverse image L−1
F (πG,F(y)) is a compact

and non-empty subset of V .
By the Zermelo theorem every set has a cardinal well ordering, i.e. a

well ordering such that all initial segments have cardinality less than the
cardinality of the set. Moreover we can choose a finite set that will be an

6



initial segment for the well ordering. We choose a cardinal well ordering ≺
of G such that a finite proper family F is an initial segment. Consider the
set QG of all initial segments of G containing F .

We have QG ⊂ P ′G , hence for every F ∈ QG the subset L−1
F (πG,F (y)) ⊂

V is compact and non-empty, and if F ⊂ F ′, then L−1
F (πG,F (y)) ⊂

L−1
F ′ (πG,F ′(y)). The sets L−1

F (πG,F (y)) are nested compact subsets of V ,
hence their intersection is non-empty:

⋂

F∈QG

L−1
F (πG,F(y)) 6= ∅

If x is a point in this intersection, then LG(x) = y. The fact that the map

LG can be identified with the map

(
log“

1

t0

”(f(x))

)

f∈G

is clear, and this

implies that the map is proper.

As the map LG is surjective, in the following we will denote L by LG(V ).
Now consider the inverse limit

M = lim
←−

EF (V ) = lim
←−

At0(EF (V )) ∪ ∂FV

The space M is compact, as it is an inverse limit of compact spaces, and
we will use the map LG : V −→ M to define a compactification, as in the
previous subsection.

Consider the map

i : V ∋ x −→ (x,LG(x)) ∈ V̂ ×M

Let V G be the closure of the image i(V ) in V̂ ×M .

Proposition 2.5. The map i : V −→ V G is a compactification of V . The
boundary ∂GV = V G \ i(V ) is the set lim

←−
∂FV .

Proof. As before, i(V ) is homeomorphic to V . The space V G is compact as it
is closed in a compact. The complement of i(V ) in V G is the set p−1

1 (∞)∩V G,
a closed set. Hence the map i : V −→ V G is a compactification.

Every map LF is proper, hence the boundary is precisely the set
lim←− ∂FV .

The limit ∂GV is the spherical quotient of the limit

C(∂GV ) = lim
←−

C(∂FV ) = lim
←−

A0(EF (V ))

More explicitly, C(∂GV ) is a closed subset of the product:


(xF ) ∈

∏

F∈PG

A0(EF (V )) | ∀F ⊂ F ′ : πF ′,F (xF ′) = xF





As before, for every x ∈ C(∂GV ), and every f ∈ G, let F be a proper
finite family containing f . Then the value of the f -coordinate of the point
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πG,F(x) does not depend on the choice of the family F . This value will be
denoted by xf . The map

C(∂GV ) ∋ x −→ (xf )
f∈G ∈ RG

identifies C(∂GV ) with a closed subset of RG.

3 Properties of the boundary

3.1 Group actions and compactifications

Let G be a group acting with continuous semi-algebraic maps on a semi-
algebraic set V ⊂ Rn. Suppose that G is a (possibly infinite) proper family
of functions V −→ R>0, and that G is invariant for the action of G.

Then the action of G on V extends continuously to an action on the
compactification V G .

As G is invariant for the action of G, if we see the limits LG(V ) and
C(∂GV ) as subsets of RG, then G acts on LG(V ) and C(∂GV ) by a permu-
tation of the coordinates corresponding to the action on G, and this action
induces an action on the spherical quotient of C(∂GV ), the boundary ∂G .

Note that the map LG : V −→ LG(V ) is equivariant for this action, hence
the action of G on ∂G extends continuously the action of G on V .

3.2 Injective families and the piecewise linear structure

Let V ⊂ Rn be a semi-algebraic set, and let G be a (possibly infinite) proper
family of continuous semi-algebraic functions V −→ R>0.

An injective family is a finite proper subfamily F ⊂ G such that the
canonical surjective map ∂πF : C(∂GV ) −→ C(∂FV ) is also injective.

The existence of an injective family is an important tool for us. For
F ∈ PG , the sets A0(EF (V )) = C(∂FV ) are all polyhedral complexes, by
[A1, thm. 3.11], and the maps

πF ′,F|C(∂F′V ) : C(∂F ′V ) −→ C(∂FV )

are surjective piecewise linear maps.

Proposition 3.1. Suppose that G contains an injective family. Consider
the subset QG ⊂ PG of all injective families in G. Each of the maps
C(∂GV ) −→ C(∂FV ) ⊂ RF , for F ∈ QG, is a chart for a piecewise lin-
ear structure on C(∂GV ), and all these charts are compatible, hence they
define a canonical piecewise linear structure on C(∂GV ). As C(∂GV ) is the
cone on ∂GV , a piecewise linear structure is also defined on ∂GV .

Proof. If F ,F ′ ∈ QG , then also F ∪ F ′ ∈ QG . Then the natural projections
C(∂F ′∪FV ) −→ C(∂FV ) and C(∂F ′∪FV ) −→ C(∂F ′V ) are piecewise linear
isomorphisms. Hence the charts are compatible.
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For example it is possible to construct a canonical compactification of
a complex very affine variety. This construction is closely related to the
tropical compactification of [Te]. A very affine variety V ⊂ (C∗)n is a
closed algebraic subset of the complex torus. The identification C = R2

turns V into a real semi-algebraic subset of R2n. We denote by C[V ] the
ring of coordinates of V , and by C[V ]∗ the group of invertible elements, i.e.
the set of polynomials that never vanish on V . For every f ∈ C[V ]∗ we
denote by |f | the continuous semi-algebraic function:

|f | : V ∋ x −→ |f(x)| ∈ R>0

We choose a proper family G in the following way:

G = {|f | | f ∈ C[V ]∗}

As V is an algebraic subset of the torus, the ring of coordinates is generated
by invertible elements, for example the coordinate functions X1, . . . ,Xn and
their inverses X−1

1 , . . . ,X−1
n . Then the finite family {|X1|, . . . , |Xn|} ⊂ G

is a proper family, hence also G is a proper family. This family defines a
compactification

i : V −→ V G

Let G be the group of all complex polynomial automorphisms of V . In
particular G acts on the semi-algebraic set V with continuous semi-algebraic
maps. This action preserves C[V ]∗, hence it also preserves the family G.
Then the action of G on V extends to an action on the compactification V G.

The family G is infinite (and uncountable), yet it is possible to find
an injective family. To do this we use the same technique used in [Te] to
construct the intrinsic torus. By [ST, Rem. 2.10], the group C[V ]∗/C∗ is
finitely generated.

Proposition 3.2. Let f1, . . . , fm ∈ C[V ]∗ be representatives of generators
of the group C[V ]∗/C∗. Then the family F = {|f1|, . . . , |fm|} ⊂ G is an
injective family.

Proof. Consider the projection πG,F|C(∂GV ) : C(∂GV ) −→ C(∂FV ) and sup-
pose, by contradiction, that it is not injective. Then there exists an
x ∈ C(∂FV ) such that π−1

G,F|C(∂GV )
(x) contains at least two elements

y, y′ ∈ C(∂GV ). As y 6= y′ there exists an element f ∈ C[V ]∗ such that
the coordinates y|f | and y′|f | differ.

This means that also the projection

πF∪{|f |},F|C(∂F∪{|f |}V ) : C(∂F∪{|f |}V ) −→ C(∂FV )

is not injective. The set C(∂F∪{|f |}V ) is simply the logarithmic limit set
A0(EF∪{|f |}(V )) ⊂ Rm+1, and, by [A1, cor. 4.5] it is the image, under the

componentwise valuation map, of the set EF∪{|f |}(V ) ⊂ H(R
R
).

By the hypothesis on f1, . . . , fm, there exists integers ei ∈ Z and a num-
ber c ∈ C such that f = c

∏m
i=1 f

ei

i . Hence |f | = |c|
∏m

i=1 |fi|
ei , and for
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every z ∈ H(R
R
), v(|f(z)|) =

∑m
i=1 eiv(|fi(z)|). The valuation of |f(z)| is

determined by the valuations of |fi(z)|, hence the map πF∪{|f |},F|C(∂F∪{|f |}V )

is injective, a contradiction.

Corollary 3.3. In particular the boundary ∂GV of a very affine variety has
a natural piecewise linear structure, and the group G acts on the compactifi-
cation V G with an action by complex polynomial maps on the interior part,
and by piecewise linear maps on the boundary.

Unfortunately, when working with real algebraic sets, a general technique
of this kind for constructing injective families does not work. If V is a real
algebraic set, a polynomial function that never vanish on V is not necessarily
invertible in the ring of coordinates. It is invertible in the ring of regular
functions, but this ring is not always a finitely generated R-algebra, hence
the group of invertible elements is not finitely generated.

The following proposition gives a sufficient hypothesis for the existence
of injective families.

Proposition 3.4. Let V ⊂ Rn be a real semi-algebraic set, and let G be a
proper family of positive continuous semi-algebraic functions on V . Suppose
that there exists a proper family F = {f1, . . . , fm} ⊂ G such that for every
element f ∈ G there exists a Laurent polynomial P (x1, . . . , xm) with real and
positive coefficients such that f = P (f1, . . . , fm). Then F is an injective
family.

Proof. Consider the projection πG,F|C(∂GV ) : C(∂GV ) −→ C(∂FV ), and
suppose, by contradiction, that it is not injective. Then there exists
an x ∈ C(∂FV ) such that π−1

G,F|C(∂GV )(x) contains at least two elements

y, y′ ∈ C(∂GV ). As y 6= y′ there exists an element f ∈ G such that the
coordinates yf and y′f differ.

This means that also the projection

πF∪{f},F|C(∂F∪{f}V ) : C(∂F∪{f}V ) −→ C(∂FV )

is not injective. The set C(∂F∪{f}V ) is simply the logarithmic limit set
A0(EF∪{f}(V )) ⊂ Rm+1, and, by [A1, cor. 4.5] it is the image, under the

componentwise valuation map, of the set EF∪{f}(V ) ⊂ H(R
R
).

By hypothesis we have f = P (f1, . . . , fm), where the coefficients of P

are real and positive, hence for every z ∈ H(R
R
), the valuation of f(z) is

determined by the valuations of fi(z), hence the map πF∪{|f |},F|C(∂F∪{|f |}V )

is injective, a contradiction.

Note that in the previous proposition we had to require the Laurent
polynomial P (x1, . . . , xn) to have positive coefficients. With the weaker hy-
pothesis that the polynomial P is positive whenever the variables x1, . . . , xn

are positive, the statement becomes false. For example, let V = (R>0)
2. The

family of functions F = {x, y} is proper, and C(∂FV ) is simply the plane
R2. Consider the family G = {x, y, x2 + (y− 1)2}. The set EG(V ) ⊂ R3 and
the logarithmic limit set C(∂GV ) are represented in figure 1. The map πG,F

is not injective, hence F is not an injective family of G.
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Figure 1: V = {(x, y, z) ∈ (R>0)
3 | z = x2 + (y − 1)2} (left picture), then

A0(V ) is made up of four faces (right picture).

3.3 Non-archimedean description

Let V ⊂ Rn be a semi-algebraic set, and let G be a (possibly infinite) proper
family of continuous semi-algebraic functions V −→ R>0.

Let F be a real closed non-archimedean field with finite rank extending R.
The convex hull of R in F is a valuation ring denoted by O≤. This valuation
ring defines a valuation v : F∗ −→ Λ, where Λ is an ordered abelian group.
As F has finite rank, the group Λ has only finitely many convex subgroups
0 = Λ0 ⊂ Λ1 ⊂ · · · ⊂ Λr = Λ. The number r of convex subgroups is the
rank of the field F.

The quotient Λ −→ Λ/Λr−1 is an ordered group of rank one, hence it
is isomorphic to a subgroup of R. We fix one of these isomorphisms, and
we denote by v the composition of the valuation v with the quotient map
Λ −→ Λ/Λr−1, another valuation of F that is real valued:

v : F∗ −→ R

This valuation induces a norm and a log map:

F ∋ h −→ ‖ h ‖= exp(−v(h)) ∈ R≥0

Log : (F>0)
n ∋ (h1, . . . , hn) −→ (log(‖ h1 ‖), . . . , log(‖ hn ‖)) ∈ Rn

Let V be the extension of V to F, a semi-algebraic subset of (F>0)
n.

Let G = {f | f ∈ G}, where f : V −→ F>0 is the extension of the function
f : V −→ R>0.

Let F = {f1, . . . , fm} ⊂ G be a finite proper family, and let F =
{f1, . . . , fm} ⊂ G be the corresponding family of extensions. We will de-
note by EF : V −→ (F>0)

m the extension of the map EF .

11



Proposition 3.5. The image of the map

Log : (F>0)
n ⊃ EF (V ) ∋ x −→ (−v(x1), . . . ,−v(xn)) ∈ Rm

is contained in the logarithmic limit set A0(EF (V )).

Proof. Let t ∈ F be an element such that t > 0 and v(t) = 1. Consider the
subfield R(t) ⊂ F. The order induced by F has the property that t > 0 and
∀x ∈ R>0 : t < x. Hence F contains the real closure of R(t) with reference
to this order, i.e. H(R). Moreover the valuation v on F restricts to the
valuation we have defined on H(R), as, if O≤ is the valuation ring of F,
O≤ ∩H(R) is precisely the valuation ring O of H(R).

We recall that, by corollary [A1, cor. 4.6], Log(V ∩H(R)) ⊂ A0(EF (V )).
By reporting, word by word, the proof of [A1, thm. 4.3], we can prove that
the image Log(V ) is contained in the closure of Log(V ∩ H(R)), i.e. it is
contained in A0(EF (V )).

In other words, the image of the map

LogF = Log ◦EF : V ∋ x −→ (−v(f1(x)), . . . ,−v(fm(x))) ∈ Rm

is contained in A0(EF (V )) = C(∂FV ).
The system of maps LogF : V −→ C(∂FV ), defined for every F ∈ PG ,

induces by the universal property a well defined map LogG : V −→ C(∂GV ).
The map LogG can be identified with the map

V ∋ x −→ (−v(f(x)))f∈G ∈ C(∂GV ) ⊂ RG

This map is not surjective for every field F. The aim of this subsection
is to show that there exists a real closed non-archimedean field of finite rank
F such that the map LogG is surjective. As a consequence, the boundary
∂GV is the spherical quotient of the set LogG(V ).

The easiest case is when G has an injective family. In this case we use

the Hardy field H(R
R
), as in [A1, subsec. 4.1].

Proposition 3.6. Suppose that the family G contains an injective family

F . Then if F = H(R
R
), the image of the map LogG is the whole C(∂GV ).

Proof. Let y ∈ C(∂GV ). The map LogF : V −→ A0(EF (V )) is surjective by
[A1, cor. 4.5], hence there exists x ∈ V such that LogF (x) = πG,F (y). Hence
πG,F(LogG(x)) = πG,F(y), and, as F is an injective family, LogG(x) = y.

We can get a similar result even if we remove the hypothesis of the
existence of an injective family. To do this we will need to use a larger field.
If V is a semi-algebraic set of dimension r, consider the group Rr, with the
lexicographic order. We will use the field of transfinite Puiseaux series with
real coefficients and exponents in Rr:

R((tR
r

)) =

{
∑

r∈Rr

art
r | ar ∈ R, {r ∈ Rr | ar 6= 0} is well ordered

}
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This is a real closed non-archimedean field of rank r, with a surjec-
tive valuation v : R((tR))∗ −→ Rr, and a quotient surjective valuation
v : R((tR))∗ −→ R.

The rest of this subsection is dedicated to the proof of theorem 3.12: if
F = R((tR

r
)), the map LogG is surjective.

Let y ∈ C(∂GV ), and let [y] ∈ ∂GV be the corresponding point. The set
of all semi-algebraic subsets of V is a Boolean algebra. Consider the set φy

of all semi-algebraic subsets A ⊂ V such that there exists a neighborhood U
of [y] in V G with U ∩ V ⊂ A. The set φy is a filter in the Boolean algebra
of all semi-algebraic subsets of V , i.e. φy is closed for finite intersections, if
A ∈ φy and A ⊂ B, then B ∈ φy, V ∈ φy, ∅ 6∈ φy. The ultrafilter lemma
states that every filter is contained in an ultrafilter, i.e. a filter such that
for every semi-algebraic set A ⊂ V , A or V \A is in the ultrafilter. We choose
an ultrafilter α containing φy. Note that if A ∈ α, then the complement of
A in V G does not contain a neighborhood of [y], hence the closure of A
in V G contains the boundary point [y]. Intuitively speaking, the choice of
an ultrafilter α containing φy can be interpreted as the choice of a way for
converging to [y].

Now, given an ultrafilter α as above, we construct a field K(α), as in [Co,
subsec. 5.3]. Consider the ring S(V ) of all semi-algebraic functions from V
to R. Let I(α) be the subset of all functions whose zero locus is in α. We
define K(α) = S(V )/I(α). It is easy to show that every non-zero element
is invertible, hence K(α) is a field. Equivalently, K(α) can be defined as the
quotient of S(V ) under the relation f ∼ g if and only if {f(x) = g(x)} ∈ α.
This second definition is the one used in [Co, subsec. 5.3]. We denote the
equivalence class of a semi-algebraic function f by [f ]. In the same way we
can define the order on K(α): [f ] ≤ [g] if and only if {f(x) ≤ g(x)} ∈ α, and
this definition does not depend on the choice of the representative. Hence
K(α) is an ordered field, and has an OS-structure.

Proposition 3.7. Given an (LOS)-formula φ(x1, . . . , xn), and given defin-
able functions f1, . . . , fn, we have:

K(α) � φ([f1], . . . , [fn]) ⇔ ∃S ∈ α : ∀t ∈ S : R � φ(f1(t), . . . , fn(t))

Proof. See [Co, thm. 5.8].

In particular K(α) is a real closed field. For every element a ∈ R, the
constant function with value a defines an element of K(α) that is identified
with a. This defines an an embedding R −→ K(α).

Consider an embedding V −→ Rn. For every semi-algebraic subset A ⊂
V , we denote by A its Zariski-closure in Rn. Consider the set

Wα =
⋂

A∈α

A

Every infinite intersection of Zariski-closed sets can be written as a finite
intersection, hence Wα is a Zariski-closed subset of Rn. Moreover Wα is
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irreducible and Wα∩V ∈ α. We will call the set Wα the algebraic support

of the ultrafilter α. Note that the algebraic support depends on the chosen
embedding V −→ Rn.

Every polynomial f ∈ R[x1, . . . , xn] defines a semi-algebraic function
f : V −→ R, and an element [f ] ∈ K(α). Two polynomials define the
same element of K(α) if and only if the coincide on Wα. In other words,
if R[Wα] and R(Wα) are, respectively, the coordinate ring of Wα and its
field of fractions, there is an embedding R(Wα) ⊂ K(α). As every semi-
algebraic function satisfies a polynomial equation, the field K(α) is algebraic
over R(Wα), it is its real closure with respect to the ordering induced by the
embedding.

The convex hull of R in K(α) is a valuation ring denoted by O≤. As
above, this valuation ring defines a valuation v : K(α)∗ −→ Λ, where Λ is
an ordered abelian group. If V has dimension r, the transcendence degree
over R of the field R(Wα) is at most r, hence, by [ZS2, cap. VI, thm. 3, cor.
1] and [ZS2, cap. VI, thm. 15], the group Λ has rank at most r.

As before the composition of the valuation v with the quotient map
Λ −→ Λ/Λr−1, defines another valuation of K(α) that is real valued:

v : K(α)∗ −→ R

Proposition 3.8. Let V be a semi-algebraic set, and let F be a finite proper
family of continuous positive semi-algebraic functions on V . If g is a con-
tinuous positive semi-algebraic function, then there exist A,B ∈ R>0 and
n ∈ N such that:

∀x ∈ V : g(x) ≤ A


∑

f∈F

f(x) + f−1(x)




n

+B

Proof. Suppose, by contradiction, that the statement is false. Fix two in-
creasing unbounded sequences An, Bn ∈ R, then for all n ∈ N there exists a
point xn ∈ V such that

g(xn) > An


∑

f∈F

f(xn) + f−1(xn)




n

+Bn

There is no subsequence of xn contained in a compact subset of V , because
g(xn) is unbounded. If we consider the compactification V F∪{g}, then we can
extract a subsequence xnk

converging to a point [z] ∈ ∂F∪{g}V . As g grows
faster than every f ∈ F along the sequence xkn

, a point z ∈ C(∂F∪{g}V )
corresponding to [z] has coordinates zg 6= 0 and zf = 0 for all f ∈ F .

The logarithmic limit set A0(EF∪{g}(V )) contains the point (0, 0, . . . , 1),
where the 1 is in the coordinate corresponding to g. Then, by [A1, thm. 3.6],
there exists a sequence yk ∈ V such that g(yk) → ∞ and f(yk) is bounded
for all f ∈ F . But this is absurd because F is a proper family.

Corollary 3.9. For every f ∈ G such that yf 6= 0, we have v([f ]) 6= 0.
It follows from the previous proposition.
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Proposition 3.10. Let f, g ∈ G, and suppose that yf 6= 0. Then

−v([f ])

−v([g])
=
yf

yg

Proof. For every ε > 0 there exists a neighborhood U of [y] in V G such that

∀x ∈ U :

∣∣∣∣
loge(f(x))

loge(g(x))
−
yf

yg

∣∣∣∣ < ε

∀x ∈ U : g(x)

“
yf
yg
−ε

”

< f(x) < g(x)

“
yf
yg

+ε
”

Hence, for every rational number r <
yf

yg
there exists a neighborhood U of

[y] in V G such that
∀x ∈ U : g(x)r < f(x)

and for every rational number r >
yf

yg
there exists a neighborhood U of [y]

in V G such that
∀x ∈ U : f(x) < g(x)r

As all these neighborhoods U are in α, and the rational powers are semi-
algebraic functions, these inequalities hold on the field K(α): for every ratio-
nal number r <

yf

yg
we have [g]r < [f ] and for every rational number r >

yf

yg

we have [f ] < [g]r. Hence
−v([f ])

−v(g)
=
yf

yg

Now let V ⊂ (K(α))n be the extension of V ⊂ Rn to the field K(α). For
every f ∈ G, let f be the extension of f to the field K(α).

Proposition 3.11. There exists a point x ∈ V such that

(−v(f (x)))f∈G = y

Proof. If x1, . . . , xn are the restriction to V of the coordinate functions of
Rn, then the point ([x1], . . . , [xn]) ∈ (K(α))n is in V , because the coordinate
functions restricted to V satisfy the first order formulas satisfied by the
points of V . Note also that f([x1], . . . , [xn]) = [f ], hence, by the previous
proposition, the point ([x1], . . . , [xn]) is what we are searching for.

Theorem 3.12. Let V ⊂ Rn be a semi-algebraic set of dimension r, and let
G be a proper family of positive continuous semi-algebraic functions on V .
If F = R((tR

r
)), and V is the extension of V to the field F, then LogG(V ) =

C(∂GV ).

Proof. By the previous proposition, if y ∈ C(∂GV ), and α is an ultrafilter
associated to y, there exists a real closed field K(α), with rank at most r,
such that the extension of V to K(α) has a point x ∈ (K(α))n such that
LogG(x) = y.

The conclusion follows from the fact that every real closed non-
archimedean field of rank at most r can be embedded in R((tR

r
)) (see [Gl37]).

Hence the image of the point x in (R((tR
r
))

n
is in V and LogG(x) = y.
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4 Character varieties over real closed fields

We give a description of the variety of characters of representations of a
finitely generated group Γ in SLn(K). The space of all representations
Hom(Γ, SLn(K)) is an affine algebraic set (see subsection 4.1). If K =
C, it follows from the theory in [MFK94] and [Pr76] that the set of all
characters of representations in Hom(Γ, SLn(C)) is an affine algebraic set
Char(Γ, SLn(C)) with a natural map

t : Hom(Γ, SLn(C)) −→ Char(Γ, SLn(C))

sending each representation in its character (see subsection 4.2). We need
similar results when K = R. In this case, if we denote by Char(Γ, SLn(R))
the real part of Char(Γ, SLn(C)), the map

t : Hom(Γ, SLn(R)) −→ Char(Γ, SLn(R))

is not surjective in general, hence the affine algebraic set Char(Γ, SLn(R))
is not in bijection with the set of all characters of representations in
Hom(Γ, SLn(R)). We prove that the image of t is closed, identifying the
set of characters with a closed semi-algebraic subset Char(Γ, SLn(R)), and
that the image through t of every closed (open) conjugation-invariant semi-
algebraic subset of Hom(Γ, SLn(R)) is closed (open) in Char(Γ, SLn(R))
(theorem 4.3 and corollary 4.4).

4.1 Representation varieties

Let Γ be a group and K a field of characteristic 0. An representation of
Γ is a group homomorphism ρ : Γ −→ GLn(K) or ρ : Γ −→ PGLn(K).

A representation ρ is absolutely irreducible if it is irreducible as a
representation in GLn(F) (or PGLn(F)) where F is the algebraic closure of
K, else it is absolutely reducible.

The character of a representation ρ is the function

χρ : Γ ∋ γ −→ tr(ρ(γ)) ∈ K

By the conjugation-invariance of the trace, two conjugated representations
have the same character. A sort of converse holds: let ρ, ρ′ be two rep-
resentations, and suppose that ρ is absolutely irreducible. Then they are
conjugated if and only if they have the same character. See also [Na00,
thm. 6.12] for a more general statement.

In the following Γ is assumed to be a finitely generated group. Let G an
affine algebraic group, and let G(K) denote the set of K-points of G. There
exists an affine Q-algebraic scheme Hom(Γ, G) such that for every field K,
the set of K-points Hom(Γ, G(K)) is in natural bijection with the set of all
representations of Γ in G(K).

Now suppose that G is one of the groups SLn or SL±n (the group of
matrices whose determinant is ±1). Then the set of K-points G(K) is the
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group SLn(K) or SL±n (K). The Q-algebraic group PGLn acts on G by
conjugation, and this action induces an action on Hom(Γ, G). Every γ ∈ Γ
defines a polynomial function

τγ : Hom(Γ, G(K)) ∋ ρ −→ χρ(γ) ∈ K

these functions comes from functions τγ in the ring of coordinates of
Hom(Γ, G)), and they will be called trace functions. The trace functions
are invariant for the action of PGLn

There exists a closed subscheme Hom(Γ, G)a.r.r. of Hom(Γ, G) whose set
of K points Hom(Γ, G(K))a.r.r. is the subset of all absolutely reducible rep-
resentations (see [Na00]). We define also Hom(Γ, G)a.i.r as the complement
of Hom(Γ, G)a.r.r., the set of absolutely irreducible representations, an open
subscheme.

Let V ⊂ Hom(Γ, G(K)) be an irreducible algebraic subset. We denote
by A(V ) its ring of coordinates, and by K(V ) its field of fractions. A point

ρ ∈ V is a representation ρ : Γ −→ G(K). We write ρ(γ) =
(
aγ

i,j(ρ)
)
, where

aγ
i,j ∈ A(V ) as they are restriction of polynomial functions in Hom(Γ, G(K)).

Note that for every ρ ∈ V , det
(
aγ

i,j(ρ)
)
6= 0, hence the element det

(
aγ

i,j

)
is

invertible in K(V ). The map:

Γ ∋ γ −→
(
aγ

i,j

)
∈ GLn(K(V ))

is the canonical representation in G(K(V )), that will be denoted by RV .
The character of RV is the function χRV

(γ) =
∑

i a
γ
i,i = τγ .

Consider the action by conjugation of PGLn(K) on Hom(Γ, G(K)).

Proposition 4.1. Let V ⊂ Hom(Γ, G(K)) be an irreducible component.
Then V is invariant for the action of PGLn(K) by conjugation.

Proof. The same statement for n = 2 is proved in [CS83, prop. 1.1.1].
Consider the set V ×PGLn(K), this is the product of two irreducible affine
algebraic sets, hence it is an irreducible affine algebraic set. The map

f : V × PGLn(K) ∋ (ρ,A) −→ Ad(A)(ρ) ∈ Hom(Γ, G(K))

is a regular map, hence the Zariski closure of the image f(V × PGLn(K))
is an irreducible affine algebraic set, hence it is contained in an irre-
ducible component of Hom(Γ, G(K)). But as V = f(V × {Id}), then
f(V × PGLn(K)) ⊂ V .

4.2 Character varieties

As before, suppose that G is one of the groups SLn or SL±n . We denote by
A the ring of coordinates of Hom(Γ, G), and by A0 the subring of invariant
functions for the action of PGLn. As PGLn is reductive, by [MFK94, Chap.
1, thm. 1.1], the ring A0 is finitely generated as a Q-algebra. Note that the
trace functions τγ belong to A0.
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Proposition 4.2. There exists a finite set C ⊂ Γ such that the functions
{τγ}γ∈C

generate A0.

Proof. The case of a free group Γ = Z(m), is studied in [Pr76]. There it
is proven that A0 is generated, as a Q-algebra, by the set {τγ}γ∈Γ. Hence
there exists a finite set C ⊂ Γ such that the functions {τγ}γ∈C

generate the
ring A0. Some of such C are described explicitly in [Pr76]. For example let
z1, . . . , zm be a free set of generators of Γ, and let C ⊂ Γ be the finite set of
all non-commutative monomials in z1, . . . , zm of degree less than 2n.

For the general case, let Γ be a finitely generated group and let
P : Z(m) −→ Γ be a presentation. The map P induces an injective map
P ∗ : Hom(Γ, G) −→ Hom(Z(m), G), identifying Hom(Γ, G) with an invari-
ant closed subscheme. If A is the ring of coordinates of Hom(Γ, G) and R is
the ring of coordinates of Hom(Z(m), G), the natural map P∗ : R −→ A is a
surjective ring homomorphism, commuting with the dual action of PGLn.
Let A0 ⊂ A and R0 ⊂ R be the subrings of invariant functions. Then, as
PGLn is reductive, p(R0) = A0 (see the discussion after [MFK94, Chap. 1,
def. 1.5]). As R0 is generated by the trace functions, so is A0.

Let C ⊂ Γ be a finite set such that the functions {τγ}γ∈C
generate

the ring A0. Let K be an algebraically closed field of characteristic 0, and
consider the map

t : Hom(Γ, G(K)) ∋ ρ −→ τγ(ρ)
γ∈C

∈ KCard(C)

We will denote by Char(Γ, G(K)) the Zariski closure of the image of this
map, an affine Q-algebraic set whose ring of coordinates is isomorphic to
A0.

The map t is dual to the inclusion map A0 −→ A, hence it is identified
with the semi-geometric quotient Hom(Γ, G) = Spec(A) −→ SpecA0 as in
[MFK94, Chap. 1, thm. 1.1]. As this semi-geometric quotient is surjective,
the map t : Hom(Γ, G(K)) −→ Char(Γ, G(K)) is surjective. We will write
Char(Γ, G) = Spec(A0).

If C ′ ⊂ Γ is another finite set of generators, the pair (Char(Γ, G), t)
defined by C ′ is isomorphic to the previous one, hence this construction
does not depend on the choices.

The functions {τγ}γ∈C
determine the values of all the trace functions

{τγ}γ∈Γ, hence, if ρ is a representation, the point t(ρ) determines the char-
acter χρ. Hence the points of Char(Γ, G(K)) are in natural bijection with
the characters of the representations in Hom(Γ, G(K)), and for this reason
the affine Q-algebraic set Char(Γ, G(K)) will be called varieties of charac-

ters. For the properties of the map t : Hom(Γ, G(K)) −→ Char(Γ, G(K)),
see [MFK94, Chap. 1, thm. 1.1].

To avoid confusion, in the following we will denote by τγ the trace func-
tion relative to the element γ ∈ Γ when considered as a function on the
representation variety, and by Iγ the same trace function when considered
as a function on the character variety.
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Consider the invariant subsets Hom(Γ, G(K))a.r.r. and Hom(Γ, G(K))a.i.r

of, respectively, absolutely reducible and absolutely irreducible representa-
tions. As Hom(Γ, G(K))a.r.r. is closed, its image through t is closed, and
will be denoted by Char(Γ, G(K))a.r.r.. As Hom(Γ, G(K))a.i.r is open, its
images through t is open, and will be denoted by Char(Γ, G(K))a.i.r.. As
two representation with the same character are conjugated, if at least one
of them is irreducible, Char(Γ, G(K))a.r.r. and Char(Γ, G(K))a.i.r. are dis-
joint. They are the sets of K-points of algebraic schemes Char(Γ, G)a.r.r.

and Char(Γ, G)a.i.r..
Consider the restriction of t to Hom(Γ, G)a.i.r.:

ta.i.r. : Hom(Γ, G)a.i.r. −→ Char(Γ, G)a.i.r.

This is a semi-geometric quotient, it is submersive, and the geometric fibers
of t are precisely the orbits of the geometric points of Hom(Γ, G)a.i.r., over an
algebraically closed field K of characteristic 0. Hence this is a geometric quo-
tient, Hom(Γ, G)a.i.r. ⊂ Hom(Γ, G)s(Pre), and the set-theoretical quotient
Hom(Γ, G(K))a.i.r./PGLn(K) is in natural bijection with Char(Γ, G(K))a.i.r..

Actually the action of PGLn on the open subscheme Hom(Γ, G)a.i.r. is
free (see [Na00, corol. 6.5]) and Hom(Γ, G)a.i.r. ⊂ Hom(Γ, G) is precisely
the subset of properly stable points for the action of PGLn with respect
to the canonical linearization of the trivial line bundle (see [MFK94, Chap.
1, def. 1.8] and [Na00, rem. 6.6]).

4.3 Real closed case

We need a similar construction for a real closed field F. If G = SLn or SL±n ,
the set of characters of representations ρ : Γ −→ G(F) is not an affine alge-
braic set. Here we will show that this set is a closed semi-algebraic set, and
that the map t : Hom(Γ, G(F)) −→ Char(Γ, G(F)) has properties similar to
the properties it has in the algebraically closed case.

Let K = F[i], the algebraic closure of F. As the representation vari-
eties are defined over Q, if Hom(Γ, G(K)) ⊂ Km, we have Hom(Γ, G(F)) =
Hom(Γ, G(K)) ∩ Fn, and if Char(Γ, G(K)) ⊂ Ks, we have Char(Γ, G(F)) =
Char(Γ, G(K)) ∩ Fs.

The map t : Hom(Γ, G(K)) −→ Char(Γ, G(K)) is defined over Q, hence
t(Hom(Γ, G(F)) ⊂ Char(Γ, G(F)). Anyway t(Hom(Γ, G(F))) is not in gen-
eral the whole Char(Γ, G(F)). For example an irreducible representation of
Γ in SU2(C) has real character, but it is not conjugated to a representa-
tion in SL2(R) (see [MS84, prop. III.1.1] and the discussion for details).
Hence the F-algebraic set Char(Γ, G(F)) is not in a natural bijection with
the set of characters of representations in Hom(Γ, G(F)). We will denote
by Char(Γ, G(F)) the image of t|Hom(Γ,G(F)), the actual set of characters of
representations in Hom(Γ, G(F)).

In the following we will consider Fn as a topological space with the
topology inherited from the order of F, hence the words closed and open
refers to this topology. We will say Zariski closed and Zariski open if we
want to refer to the Zariski topology.
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Theorem 4.3. Let R ⊂ Hom(Γ, G(F)) ⊂ Fm be a closed semi-algebraic set
that is invariant for the action of PGLn(F). Then the image t(R) under the
semi-geometric quotient map t is a closed semi-algebraic subset of Fs.

Proof. The idea of the proof is similar to the one of [CS83, prop. 1.4.4],
but here we deal with semi-algebraic sets, instead of algebraic sets over an
algebraically closed field.

The set t(R) is semi-algebraic as it is the image of a semi-algebraic set
via a polynomial map. To show that it is closed, let x0 be a point in the
closure of t(R). Suppose, by contradiction, that x0 is not in t(R).

By the curve-selection lemma (see [BCR98, Chap. 2, thm. 2.5.5]) there
exists a semi-algebraic map f : [0, ε] −→ FCard(C) such that f(0) = x0 and
F = f((0, ε]) ⊂ χ(R). The set F is a semi-algebraic curve.

Now we construct a semi-algebraic section s : F −→ R such that for
every x ∈ F , t(s(x)) = x. The set D = t−1(F ) is a semi-algebraic subset
of R. The map t|D : D −→ F induces a definable equivalence relation on
D: x ∼ y ⇔ t(x) = t(y). By the existence of definable choice functions (see
[Dr, Chap. 6, 1.2-1.3]) there exists a semi-algebraic map h : D −→ D such
that h(x) = h(y) ⇔ t(x) = t(y), and a semi-algebraic map k : h(D) −→ F
such that t = k ◦ h. The map k is bijective, and its inverse k−1 = s is the
searched section.

Consider the image s(F ) ⊂ R ⊂ Fm. If it is bounded in Fm, then the
closure S of s(F ) is contained in R, and t(S) is closed (image of a closed,
bounded set, see [Dr, Chap. 6, 1.10]) hence it contains x0, a contradiction.
Hence the image s(F ) is unbounded.

We embed Fm and Fs in the projective spaces FPm and RPs. We denote
by R the closure of R in FPm, by t(R) the closure of t(R) in RPs and
by t : R −→ t(R) the extension of the map t, which exists because t is a
polynomial map.

If we see FPm as a closed and bounded algebraic subset of some FM ,
the image s(F ) is bounded in FM , its closure S for the order topology is
contained in R and t(S) is, as before, closed, hence there is a point y0 ∈ S ⊂
R such that t(y0) = x0.

Let E be the Zariski closure of s(F ) in FPm. Up to restricting f to
a smaller interval [0, ε′], we can suppose that E is an irreducible algebraic
curve (see [BCR98, Chap. 2, prop. 2.8.2]) containing y0. Let EK be the
extension of E to KPm. Let F(E) be the field of fractions of the curves E
and EK, with coefficients in F, and K(EK) the field of fractions of EK with
coefficients in K.

Let ẼK be the regular projective model of EK, i.e. a regular projective

curve with a morphism i : ẼK −→ EK that is a birational isomorphism (see
[Mu76, §7A, thm. 7.5]). We denote by Ẽ the inverse image i−1(E). Hence

there is an isomorphism K(EK) ≃ K(ẼK). Let ỹ0 be an element of i−1(y0).
As ỹ0 is a regular point, the local ring O ey0, fEK

is an UFD, and, as it has

dimension 1, its maximal ideal m ey0, fEK
is the unique prime ideal. Every

irreducible element π ∈ O ey0, fEK
generate a prime ideal, hence (π) = m ey0, fEK

,
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hence all irreducible elements are associated. Let vK : K(EK)∗ −→ Z be the
π-adic valuation. We consider the restricted valuation v : F(E)∗ −→ Z, and
we denote O ⊂ F(E) the valuation ring.

Let RE : Γ −→ GLn(F(E)), the canonical representation. We want to
show that for every γ ∈ Γ, χRE

(γ) ⊂ O, i.e. that all functions τγ don’t have
a pole in ỹ0. It is enough to show this for the functions {τγ}γ∈C , as all other
functions τγ are polynomials in these ones. As t(y0) = x0, a point in Fm, we
know that the functions {τγ}γ∈C have a finite value in y0, hence they don’t
have a pole in ỹ0.

Hence χRE
: Γ −→ O. This implies that this representation is conju-

gated, via PGLn(F(E)), with a representation R′ : Γ −→ GLn(O) (see the
note after [MS84, prop. II.3.17]). Hence there exists a matrix M = (mi,j) ∈
GLn(F(E)) such that for all γ ∈ Γ, R′(γ) = MRE(γ)M−1.

Let U = E ∩ Hom(Γ, G(F)) \ { poles of the functions mi,j}, a Zariski
open subset of E. We define the map

d : U ∋ ρ −→ M(ρ)ρM(ρ)−1 ∈ Hom(Γ, G(F))

As for every ρ ∈ U , d(ρ) is conjugated to ρ, then t(ρ) = t(d(ρ)). Moreover,
for all ρ ∈ U ∩ R, d(ρ) ∈ R, as R is invariant. The map d extends to

a rational map d̃ : ẼK −→ Hom(Γ, G(K)), that is a morphism as ẼK is
regular. Then t ◦ d̃

| eE = t ◦ i
| eE , as this holds on an open subset. As the

representation R′ takes values in GLn(O), then d̃(y0) ∈ Hom(Γ, G(F)), and
as d(U ∩ R) ⊂ R, and y0 is in the closure of U , then d̃(y0) ∈ R. We have
t(d̃(y0)) = t(i

| eE(y0)) = x0, hence x0 is in the image t(R), a contradiction.

Corollary 4.4. The surjective map

t : Hom(Γ, G(F)) −→ Char(Γ, G(F))

has the following properties:

1. The set Char(Γ, G(F)) is a closed semi-algebraic set in natural bijection
with the set of characters of representations in Hom(Γ, G(F)).

2. If R is an invariant closed semi-algebraic subset of Hom(Γ, G(F)), then
t(R) is a closed semi-algebraic set. If R is an invariant open semi-
algebraic subset of Hom(Γ, G(F)), then t(R) is a semi-algebraic set
that is open in Char(Γ, G(F)).

3. The set Char(Γ, G(F))a.r.r. = t(Hom(Γ, G(F))a.r.r.) is a closed semi-
algebraic set and the set Char(Γ, G(F)) = t(Hom(Γ, G(F))a.i.r.) is a
semi-algebraic set that is open in Char(Γ, G(F)).

4. The set Char(Γ, G(F))a.i.r. is in natural bijection with the set theoret-
ical quotient Hom(Γ, G(F))a.i.r./PGLn(F).

Proof. Everything follows from the previous theorem and from [MFK94,
Chap. 1, thm. 1.1].
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5 Spaces of projective structures

5.1 Deformation spaces

We refer to [G] for the definitions related to the theory of geometric struc-
tures on manifolds. In the following we will consider the geometry RPn =
(RPn, PGLn+1(R)) the projective geometry. A projective structure

is an RPn-structure, and a projective manifold is a RPn-manifold.
Let S be a manifold. A marked RPn-structure on S is a pair (M,φ),

where M is an RPn-manifold and φ : S −→ M is a diffeomorphism. The dif-
feomorphism φ induces an RPn-structure on S. Two marked RPn-structures
(M,φ), (N,ψ) on S are isotopic if there is an RPn-map h : M −→ N such
that ψ is isotopic to h ◦ φ. Note that h is necessarily an isomorphism.

We choose a base point s0 ∈ S and a universal covering space S̃ −→ S.
A based RPn-structure on S is a triple (M,φ,ψ) where M is an RPn-
manifold, φ : S −→ M is a diffeomorphism and ψ is an RPn-germ at φ(s0).
The diffeomorphism φ induces an RPn-structure on S. The germ ψ deter-
mines a developing pair (D,h) for M , and this developing pair induces, via
the diffeomorphism φ, a developing pair (f, ρ) for the RPn-structure on S,
such that ρ : π1(S, s0) −→ PGLn(R) is a representation, and f : S̃ −→ X
is a ρ-equivariant local diffeomorphism. Vice versa every such pair (f, ρ)
determines a based RPn-structure on S.

We say that two based RPn-structures (f, ρ) and (f ′, ρ′) are isotopic if
ρ = ρ′ and there exists a diffeomorphism h : (S, s0) −→ (S, s0), isotopic to
the identity, such that f ′ = f ◦ h̃, where h̃ is the lift of h to S̃.

We consider the algebraic set Hom(π1(S, s0), PGLn(R)) with the topol-
ogy induced by the order topology of R, and the set C∞(S̃,X) of smooth
maps S̃ −→ X with the C∞ topology.

We define the deformation set of based RPn-structures:

D′RPn(S) = {(f, ρ) ∈ C∞(S̃,X) × Hom(π1(S, s0), PGLn(R)) |

f is a ρ-equivariant local diffeomorphism}

This set inherits the subspace topology. We denote by Diff(S, s0) the
group of all diffeomorphisms S −→ S fixing s0, and by Diff0(S, s0) the sub-
group of all diffeomorphisms fixing s0 and isotopic to the identity. The group
Diff0(S, s0) acts properly and freely on D′

RPn(S). We denote by DRPn(S) the
quotient by this action, the set of isotopy classes of based RPn-structures:

DRPn(S) = D′
RPn(S)/Diff0(S, s0)

this set is endowed with the quotient topology. The group PGLn(R) acts
on D′

RPn(S) by composition on f and by conjugation on ρ, and this action
passes to the quotient DRPn(S). We will denote the quotient by

TRPn(S) = DRP(S)/PGLn(R)

This set is endowed with the quotient topology. It is in natural bijection
with the set of marked RPn-structures up to isotopy.
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The holonomy map

hol′D : D′
RP

(S) ∋ (f, ρ) −→ ρ ∈ Hom(π1(S, s0), PGLn(R))

is continuous and it is invariant under the action of Diff0(S, s0), hence it
defines a continuous map

holD : DRP(S) −→ Hom(π1(S, s0), PGLn(R))

The group PGLn(R) acts on Hom(π1(S, s0), PGLn(R)) by conjugation, and
on DRP(S) as said. The map holD is equivariant with respect to these
PGLn(R)-actions, hence it induces a continuous map

holT : TRPn(S) −→ Hom(π1(S, s0), PGLn(R))/PGLn(R)

By the deformation theorem (see [Th, 5.3.1], [Lo84] or [CEG87]), the
map hol′D is open and the map holD is a local homeomorphism. To prove
that also holT is a local homeomorphism we need additional hypotheses.

As the group PGLn(R) is a reductive group, the set of stable points

Hom(π1(S, s0), PGLn)s ⊂ Hom(π1(S, s0), PGLn) (see [MFK94, Chap. 1,
def. 1.7]) is a Zariski open invariant subset upon which the action of PGLn

is proper. We denote TRPn(S)s = hol−1(Hom(π1(S, s0), PGLn(R))s). Then
the map:

holT : TRPn(S)s −→ Hom(π1(S, s0), PGLn(R))s/PGLn(R)

is a local homeomorphism (see [G, cor. 3.2]).

5.2 Convex projective structures

An affine space in RPn is the complement of a projective hyperplane. A set
Ω ⊂ RPn is convex if it is contained in some affine space and its intersection
with every projective line is connected. A convex set is properly convex if
its closure Ω is contained in an affine space. A properly convex set Ω ⊂ RPn

is strictly convex if its boundary ∂Ω does not contain any segment.
A convex projective manifold is a projective manifold isomorphic

to Ω/Γ, where Ω ⊂ RPn is an open properly convex domain and Γ ⊂
PGLn+1(R) is a discrete group acting properly and freely on Ω. A strictly

convex projective manifold is a convex projective manifold Ω/Γ, where
Ω is strictly convex. In other words, a projective structure is strictly convex
if an only if the developing map is injective, with image a strictly convex
open subset of RPn.

For example, Hn ⊂ RPn is an open, strictly convex set, O+(1, n) ⊂
PGLn+1(R), hence every complete hyperbolic manifold is a strictly convex
projective manifold.

A subgroup Γ ⊂ PGLn(R) divides an open properly convex set Ω if Γ
is discrete, Ω is invariant for Γ and the quotient Ω/Γ is compact. If such a
group exists, Γ is called a divisible convex set. If Γ is torsion-free, the
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action is free, hence the quotient Ω/Γ is a closed manifold, with a convex
projective structure.

Let Γ be a group. The virtual center of Γ is the subgroup of all
elements of Γ whose centralizer has finite index in Γ. The virtual center of
Γ is trivial if and only if every subgroup with finite index in Γ has trivial
center. A subgroup Γ ⊂ PGLn+1(R) is strongly irreducible if and only
if all subgroups of finite index of Γ are irreducible. A properly convex set
Ω ⊂ RPn is said to be reducible if there exists a direct-sum decomposition
Rn+1 = V ⊕W such that the cone Ω = π−1(Ω) ∪ {0} ⊂ Rn+1 is the direct
sum C +D of two convex cones C ⊂ V , D ⊂ W , otherwise it is said to be
irreducible.

Proposition 5.1. Let Γ ⊂ PGLn+1(R) be a group dividing an open properly
convex set Ω. The following are equivalent:

1. Γ has trivial virtual center.

2. Γ is strongly irreducible.

3. Ω is irreducible.

Proof. See [Ve70], [Be0] and [Be3].

As a corollary, if M is a complete hyperbolic manifold, the fundamental
group of M has trivial virtual center, as it is isomorphic to a subgroup of
O+(1, n) dividing Hn, that is irreducible.

Proposition 5.2. If Γ ⊂ PGLn+1(R) divides an open properly convex set
Ω. Then Ω is strictly convex if and only if the group Γ is Gromov hyperbolic.

Proof. See [Be1].

As this property depends only on the abstract group Γ, if the fundamen-
tal group of a manifold M is Gromov hyperbolic, then all convex projective
structures on M are strictly convex. For example every closed hyperbolic
n-manifold is a strictly convex projective manifold.

Let SL±n+1(R) ⊂ GLn+1(R) be the subgroup of matrices with determi-
nant ±1. Then PGLn+1 = SL±n+1(R)/{±Id}.

If γ ∈ PGLn+1(R), let γ ∈ SL±n+1(R) be a lift. Let λ1(γ), . . . , λn+1(γ)
be its complex eigenvalues, ordered such that |λ1(γ)| ≥ |λ2(γ)| ≥ · · · ≥
|λn+1(γ)|. The element γ is said to be proximal if |λ1(γ)| > |λ2(γ)|. In this
case λ1(γ) is real, and its eigenvector corresponds to the unique attracting
fixed point xg ∈ RPn of g.

Proposition 5.3. Let Γ ⊂ PGLn+1(R) be a torsion-free group dividing a
strictly convex set Ω. Then every element γ ∈ Γ is proximal. In particular
γ−1 is also proximal, hence the eigenvector λn+1(γ) is real. Moreover, if
γ ∈ SL±n+1(R) is a lift of γ, then λ1(γ) and λn+1(γ) have the same sign.

Proof. See [Be1].
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The point yγ = xγ−1 is the unique repelling fixed point of γ. The points
xγ , yγ are in ∂Ω, and the segment [xg, yg] is the unique invariant geodesic
of γ in Ω. The image of [xγ , yγ ] in Ω/Γ is the unique geodesic in the free-
homotopy class of γ. Moreover, Ω/Γ does not contain any closed homotopi-
cally trivial geodesic.

Corollary 5.4. The set π−1(Ω) ⊂ Rn+1 is the union of two convex cones.
The group Γ can be lifted to a subgroup Γ of SL±n+1(R) preserving each of
the convex cones. After this lift, if γ ∈ Γ, then λ1 and λn+1 are real and
positive.

Proposition 5.5. Let Γ ⊂ PGLn+1(R) be a torsion-free group dividing a
strictly convex set Ω. The set {xγ | γ ∈ Γ} is dense in ∂Ω, hence Ω is
actually determined by Γ.

Proof. See [Be1].

Proposition 5.6. Let Γ ⊂ PGLn+1(R) be a group dividing a strictly convex
set Ω. Then Γ is absolutely irreducible, i.e. it has no nontrivial invariant
subspaces in CPn.

Proof. If Ω 6≃ Hn, by [Be2], the Zariski closure of Γ is PGLn+1(R). If
Ω ≃ Hn, the Zariski closure of Γ is O+(1, n). The linear span of Γ ⊂
Mn(R) contains the Zariski closure, hence it is Mn(R), hence the group Γ is
absolutely irreducible.

Let Ω ⊂ RPn be a properly convex set. We denote by

d : Ω × Ω −→ R≥0

The Hilbert metric on Ω, a metric that is invariant by projective automor-
phisms of Ω. For a reference on this metric and on the following facts see
[Ki01, sect. 7].

Let M = Ω/Γ be a strictly convex projective manifold. The quotient M
inherits a Finslerian metric from Ω. If g is a closed geodesic in M , its lift g̃
is a segment of projective line, and it is invariant for an element γ ∈ Γ. The
element γ acts on g as a translation of length ℓγ . The endpoints of g̃ in ∂Ω
are precisely the attracting and repelling fixed points of γ, xγ and yγ . The
translation length ℓγ can be calculated from the eigenvalues λ1 and λn+1 as

ℓγ = loge

(
λ1

λn

)

The function ℓ : Γ −→ R>0 is called the marked length spectrum of M .
The marked length spectrum determines the marked projective structure on
M , see [Ki01, thm. 2].
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5.3 Spaces of convex projective structures

Let M be a closed n-manifold such that the fundamental group π1(M) has
trivial virtual center, it is Gromov hyperbolic, and it is torsion free. In
particular M is orientable, as a non-orientable manifold has an element of
the fundamental group of order 2.

For example every closed hyperbolic n-manifold whose fundamental
group is torsion-free satisfies the hypotheses.

As usual we denote by DRPn(M) and TRPn(M) the spaces of based and
marked projective structures on M .

We denote by Dc
RPn(M) ⊂ DRPn(M) and T c

RPn(M) ⊂ TRPn(M) the sub-
sets corresponding to convex projective structures on M , that are automat-
ically strictly convex as π1(M) is Gromov hyperbolic.

Proposition 5.7 ([Koskul openness theorem]). The subsets Dc
RPn(M) ⊂

DRPn(M) and T c
RPn(M) ⊂ TRPn(M) are open.

Proof. See [Ki01, sec. 6].

Proposition 5.8. The holonomy map restricted to Dc
RPn(M) and T c

RPn(M)
is injective, identifying these spaces with their image, an open subset of
Hom(π1(M), PGLn+1(R)) and Hom(π1(M), PGLn+1(R))/PGLn+1(R) re-
spectively.

Proof. By proposition 5.5, a strictly convex projective manifold Ω/Γ is de-
termined by the group Γ, hence the holonomy is injective.

Proposition 5.9. The image of the map

π∗ : Hom(π1(M), SL±n+1(R)) −→ Hom(π1(M), PGLn+1(R))

contains the deformation space Dc
RPn(M). This map has a canonical section,

identifying Dc
RPn(M) with an open subset of Hom(π1(M), SL±n+1(R)).

Proof. By corollary 5.4, every element of Dc
RPn(M) has a canonical lift to

Hom(π1(M), SL±n+1(R)).

Theorem 5.10. The set Dc
RPn(M) is canonically identified with a finite

union of connected components of Hom(π1(M), SLn+1(R)), in particular it
is a clopen semi-algebraic subset.

Proof. As M is orientable, all the representations corresponding to convex
structures on M takes their values in SLn+1(R), hence Dc

RPn(M) is an open
subset of Hom(π1(M), SLn+1(R)).

Given a group Γ, let

FΓ = {ρ ∈ Hom(Γ, SLn+1(R)) | ρ is discrete and faithful and such that

ρ(Γ) divides a properly convex open set Ω ⊂ RPm}
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Note that
Fπ1(M) =

⋃

N

Dc
RPn(N)

where N varies among all closed n-manifold with π1(N) = π1(M). Hence
Fπ1(M) is open in Hom(π1(M), SLn+1(R)).

A theorem of Benoist (see [Be3, thm. 1.1]) states that the set Fπ1(M)

is also closed in Hom(π1(M), SLn+1(R)), hence it is a union of connected
components of Hom(π1(M), SLn+1(R)). As Fπ1(M) is the disjoint union of
the open sets Dc

RPn(N), each of them is also closed, in particular Dc
RPn(M)

is a union of connected components of Hom(π1(M), SLn+1(R)).
As Hom(π1(M), SLn+1(R)) is an affine algebraic set, it has a finite num-

ber of connected components, and each of them is a semi-algebraic set.

Corollary 5.11. The set of closed n-manifolds N with π1(N) = π1(M)
admitting a convex projective structure is finite.

Proof. It follows from the proof of the theorem.

Now consider the semi-geometric quotient of Hom(π1(M), SLn+1(R)),
and its image in the character variety

t : Hom(π1(M), SLn+1(R)) −→ Char(π1(M), SLn+1(R))

Proposition 5.12. The image t(Dc
RPn(M)) can be identified with the space

T c
RPn(M), it is a finite union of connected components (and, in particular,

a clopen semi-algebraic subset) of Char(π1(M), SLn+1(R)).

Proof. By proposition 5.6, all representations in Dc
RPn(M) are absolutely

irreducible, hence the image t(Dc
RPn(M)) can be identified with the space

Dc
RPn(M)/PGLn+1 = T c

RPn(M).
The clopen set Dc

RPn(M) is invariant for the action by conjugation
of PGLn+1(R), hence by corollary 4.4 its image T c

RPn(M) is clopen in
Char(π1(M), SLn+1(R)), in particular it is a semi-algebraic set.

Now we present a result showing that the space T c
RPn(M) is often big

enough to be interesting, as there are cases where we know a lower bound
on the dimension of this space.

Proposition 5.13. Suppose that M is a closed hyperbolic n-manifold con-
taining r two-sided disjoint connected totally geodesic hypersurfaces. Then
dim T c

RPn(M) ≥ r.

Proof. The space TRPn(M) has a special point x0 corresponding to the hy-
perbolic structure. In [JM87] it is proven that in this case TRPn(M) contains
a ball of dimension r around x0. As T c

RPn(M) is open in TRPn(M) and con-
tains x0, the dimension of T c

RPn(M) is at least r.
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5.4 Compactification

Let M be a closed n-manifold such that the fundamental group π1(M) has
trivial virtual center, it is Gromov hyperbolic, and it is torsion free (note
that every closed hyperbolic n-manifold whose fundamental group is torsion-
free satisfies the hypotheses). We want to construct a compactification of
the space T c

RPn(M) of marked convex projective structures on M , using
the structure of semi-algebraic set it inherits from its identification with a
connected component of Char(π1(M), SLn(R)).

For every element p ∈ T c
RPn(M) and γ ∈ π1(M), we denote by ℓγ(p) the

translation length of γ, see the end of subsection 5.2, and we denote by eγ(p)
the ratio λ1

λn+1
between the eigenvalues of maximum and minimum modulus

of the conjugacy class of matrices p(γ). Then the function

eγ : T c
RPn(M) −→ R>0

is a semi-algebraic function on T c
RPn(M), such that loge(eγ(p)) = ℓγ(p).

Let G = {eγ}γ∈π1(M). As we said in subsection 4.2, there exists a finite

subset A ⊂ π1(M) such that the family of functions {Iγ}γ∈A
generates the

ring of coordinates of Char(π1(M), SLn+1(R)).

Lemma 5.14. Let p ∈ T c
RPn(M) and γ ∈ π1(M). Denote by λ1, . . . , λn+1

the complex eigenvalues of p(γ), with non-increasing absolute values. Then:

| tr(p(γ))| ≤ (n+ 1)
λ1

λn+1

Proof. First we recall that λ1 and λn+1 are real and positive, hence the
statement makes sense. As |λ1| ≥ |λi|, then | tr(p(γ))| ≤ (n + 1)λ1. As
p(γ) ∈ SLn+1(R), then λn+1 ≤ 1.

Proposition 5.15. The family FA = {eγ}γ∈A is proper.

Proof. Suppose that (xn) ⊂ T c
RPn(M) is a sequence that is not contained in

any compact subset of T c
RPn(M). Suppose, by contradiction, that the image

EFA
(xn) ⊂ (R>0)

FA is bounded. Then, by previous lemma, the functions
{Iγ}γ∈A

are bounded on (xn), hence the sequence (xn) converges (up to
subsequences) to a point of Char(π1(M), SLn+1(R)). As T c

RPn(M) is closed
in Char(π1(M), SLn+1(R)), we have a contradiction.

We have proved that the family G is a proper family, hence it defines a
compactification

T c
RPn(M)G = T c

RPn(M) ∪ ∂GT
c

RPn(M)

As the family G is invariant for the action of the mapping class group of
M , the action of the mapping class group extends continuously to an action
on T c

RPn(M)G .
Note that this compactification is constructed taking the limits of the

functions loge ◦eγ , i.e. the limits of the translation length functions ℓγ .
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In the companion paper [A2] we investigate which objects can be
used for the interpretation of the boundary points. Points of the interior
part of Char(π1(M), SLn+1(R)) correspond to representations of π1(M) on
SLn+1(R), or, geometrically, to actions of the group on a projective space of
dimension n. Points of the boundary correspond instead to representations
of the group in SLn+1(K), where K is a non-archimedean field. In [A2] we
find a geometric interpretation of these representations, as actions of the
group on tropical projective spaces of dimension n.

6 Compactification of Teichmüller spaces

6.1 Teichmüller spaces and character varieties

Let S = Σk
g be an orientable compact surface of genus g, with k ≥ 0 bound-

ary components and with χ(S) < 0, and let S be its interior. As S is
orientable, the image of the holonomy of an hyperbolic structure on S only
contains orientation preserving maps, hence it takes values in PSL2(R). We

will denote by T cf

H2 (S) the deformation space of marked hyperbolic struc-
tures on S that are complete and with finite volume. If S is closed (k = 0)
this is just the deformation space of marked hyperbolic structures on S. The
spaces T cf

H2 (S) are usually called Teichmüller spaces.
The holonomy map

hol : T cf

H2 (S) −→ Hom(π1(S), PSL2(R))/PGL2(R)

is injective and it identifies the space T cf

H2 (S) with s subset of the quotient
Hom(π1(M), PSL2(R))/PGL2(R).

In [MS84, III.1.9] it is shown that the Teichmüller spaces can be embed-
ded in Char(π1(S), SL2(R)), with an identification that is natural only up
to the action of the group Hom(π1(S),Z2). The image of this embedding is
a connected component of a closed algebraic subset of Char(π1(S), SL2(R))

(see [MS84, III.1.9]). In particular we can identify T cf

H2 (S) with a closed

semi-algebraic subset of Char(π1(S), SL2(R)).
Consider the family of functions G = {Iγ}γ∈π1(S). These are functions

on Char(π1(S), SL2(R)). The immersion of the Teichmüller space T cf
Hn(S) in

Char(π1(S), SL2(R)) is not canonical, it is well defined only up to the action
of the group Hom(π1(S),Z2). If two points of Char(π1(S), SL2(R)) have the
same orbit for the action of Hom(π1(S),Z2), the values of functions Iγ on
these points coincide up to sign. Hence only |Ic| is a well defined function

on T cf
Hn(S).

As the functions Iγ never vanish on T cf

H2 (S), and T cf

H2 (S) is connected,
they have constant sign. We define the positive trace functions by choos-
ing a point x ∈ T cf

H2 (S) and then defining for every γ ∈ π1(S) the function
Jγ = sign(Iγ(x))Iγ .

On T cf

H2 (S) we have Jγ = |Iγ |, hence the functions Jγ are canon-

ically well defined on T cf

H2 (S), and they are polynomial functions on
Char(π1(S), SL2(R)), generating the ring of coordinates.
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Positive trace functions are closely related to length functions:

ℓγ([h]) = inf
α
lh(α)

where h is an hyperbolic metric on S, [h] is the corresponding elements of

T cf

H2 (S), lh is the function sending a curve in its h-length, and the inf is
taken on the set of all closed curves whose free homotopy class is γ. The
relation between trace functions and length function is given by

Jγ([h]) = 2 cosh(
1

2
ℓc([h]))

In particular this implies that |Ic([h])| ≥ 2 on T cf

H2 (S).

6.2 Compactification

Let S = Σk
g be an orientable compact surface of genus g, with k ≥ 0 bound-

ary components and with χ(S) < 0, and let S be its interior. We want

to construct a compactification of the Teichmüller space T cf

H2 (S), using the
structure of semi-algebraic set it inherits from its identification with a closed
semi-algebraic subset of Char(π1(S), SL2(R)) and Char(π1(S), SL2(R)).

Let G = {Jγ}γ∈π1(S), the positive trace functions, as defined in subsection

6.1. As we said in subsection 4.2, there exists a finite subset A ⊂ π1(S) such
that the family of functions FA = {Jγ}γ∈A

generates the ring of coordinates
of Char(π1(S), SL2(R)).

Proposition 6.1. Let A ⊂ π1(S) be a finite subset such that the family of
functions {Jγ}γ∈A

generates the ring of coordinates of Char(π1(S), SL2(R)).
Then the family FA = {Jγ}γ∈A

is proper.

Proof. Suppose that (xn) ⊂ T cf

H2 (S) is a sequence that is not contained

in any compact subset of T cf

H2 (S). Suppose, by contradiction, that the

image EFA
(xn) ⊂ (R>0)

FA is bounded, or, in other words, the functions
{Jγ}γ∈A

are bounded on (xn), hence the sequence (xn) converges (up to

subsequences) to a point of Char(π1(S), SLn+1(R)). As T cf

H2 (S) is closed in
Char(π1(S), SLn+1(R)), we have a contradiction.

By the previous proposition, the family G is proper, hence it defines a
compactification

T cf

H2 (S)
G

= T cf

H2 (S) ∪ ∂GT
cf

H2 (S)

As the family G is invariant for the action of the mapping class group of
S, the action of the mapping class group extends continuously to an action

on T cf

H2 (S)
G
.

We want to prove that this compactification of the Teichmüller space
T cf

H2 (S) is the same as the one constructed by Thurston, see [FLP] for details
on Thurston’s work. The boundary constructed by Thurston, here denoted

by T cf

H2 (S)
T

= T cf

H2 (S) ∪ ∂TT
cf

H2 (S) can be described by using projectivized
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length spectra of measured laminations, as in [FLP]. If l is a measured
lamination, for every element γ ∈ π1(S), the measure of γ, denoted by I(l, γ),
is the infimum of the measures of all the closed curves in S that are freely
homotopic to γ. The cone over the boundary, C(∂TT

cf

H2 (S)), can be identified

with the subset of Rπ1(S) consisting of points of the form (I(l, γ))γ∈π1(S). A

sequence (xn) ⊂ T cf

H2 (S) converges to a point x0 ∈ ∂TT
cf

H2 (S) if and only if
the projectivized length spectra [ℓγ(xn)]

γ∈π1(S) of the hyperbolic structures
converges to the projectivized length spectra of the measured lamination
corresponding to x0.

Proposition 6.2. The compactification T cf

H2 (S)
G

is isomorphic to the com-

pactification T cf

H2 (S)
T

constructed by Thurston. More precisely, the sets

C(∂TT
cf

H2 (S)) and C(∂TT
cf

H2 (S)) coincide when identified with subsets of

Rπ1(S), and the notion of convergence of sequences on T cf

H2 (S) to the bound-
ary points also coincide.

Proof. If (xn) ⊂ T cf

H2 (S) is a sequence converging to l in Thurston compact-
ification, then I(l, γ)γ∈π1(S) is the limit of the sequence [ℓγ(xn)]

γ∈π1(S), and,

by the relation Jγ([h]) = 2 cosh(1
2ℓc([h])) in subsection 6.1, this is equal to

the limit of the sequence [loge(Jγ(xn))]γ∈π1(S).

6.3 Existence of an injective family

To show that our construction of the boundary defines a piecewise linear
structure on it, we only need to find an injective family. First we show a
sufficient condition for a family to be proper.

Proposition 6.3. Suppose that A ⊂ π1(S) has the property that the free
homotopy classes of curves in A fill up, i.e. every free homotopy class of
closed curves on the surface has non zero intersection number with at least
one of those curves. Then FA = {Jγ}γ∈A

is proper.

Proof. We have to show that for every sequence (xn) ⊂ T cf

H2 (S) that is not

contained in a compact subset of T cf

H2 (S), the sequence (Jγ(xn))
γ∈A

is un-

bounded in RFA . Up to subsequences, we can suppose that (xn) −→ x ∈

∂GT
cf

H2 (S). Let l be a measured foliation associated to x in Thurston’s in-
terpretation. As A is a system that fills up, there exists a γ ∈ A such that
I(l, γ) 6= 0, and, this implies that Jγ(xn) is unbounded (see the proof of
proposition 6.2). Hence FA is proper.

Proposition 6.4. There exists an injective family A ⊂ π1(A), consisting
on 9g − 9 + 3b elements.

Proof. There exists 3g−3+b simple curves on S (denoted byK1 . . . K3g−3+b)
that decompose it in 2g−2+b pair-of-pants, b of them containing a boundary
component of S. Let Ki be a curve that is the common boundary of two
pair-of-pants whose union will be denoted by Pi. We denote by K ′i,K

′′
i the
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two simple closed curves in Pi defined by Thurston in the classification of
measured foliation (See [FLP]). Let A ⊂ π1(S) be the set of the homotopy
classes of the curves Ki, K

′
i and K ′′i . This set fills up, hence FA is proper,

and the map ∂πF : ∂GT
cf

H2 (S) −→ ∂FA
T cf

H2 (S) is well defined. The fact that
this map is injective from Thurston’s classification of measured foliations
(see [FLP]).

6.4 The smallest injective families

It may be useful to find a set A ⊂ π1(S) of minimal cardinality such that
FA is injective. Such a set can be found with 6g− 5 + 2b elements, just one
more than the dimension of T cf

H2 (S). What we need is a set of curves that
fill up and such that the map (I(·, c))c∈A from the set of equivalence classes
of measured laminations in RFA is injective. If k = 0 such a set is described
in [Ha2], else it is described in [Ha1]. In the following A will denote a set
with these properties.

Let W = EFA
(T cf

H2 (S)) ⊂ R6g−5+2b, a closed semi-algebraic set of di-

mension less than or equal to the dimension of T cf

H2 (S), 6g − 6 + 2b. The

boundary of ∂FA
T cf

H2 (S) is equal to the boundary ∂W . As FA is injective,
the boundary ∂W has dimension 6g − 7 + 2b, and this implies that the di-
mension of W is exactly 6g−6+2b. Hence W is an hypersurface in R6g−5+2b,
and the cone over its boundary is contained in a tropical hypersurface. In
this way we identify the cone over the boundary of the Teichmüller space
with a subpolyhedron of a tropical hypersurface in R6g−5+2b.

If k > 0 and A is the set described in [Ha1], the map EFA
is also injective.

This may be shown using the fact that the map

T cf

H2 (S) ∋ x −→ (ℓγ(x))
γ∈A

∈ RA

is injective (see [Ha1]), and that FA is the composition of this map with
cosh.

So we have a semi-algebraic homeomorphism from T cf

H2 (S) to the closed
semi-algebraic hypersurface W .

6.5 Description of the piecewise linear structure

We have constructed a piecewise linear structure on the boundary of the
Teichmüller spaces T cf

H2 (S). A piecewise linear structure on ∂GT
cf

H2 (S) was
already known, it was defined by Thurston. See [Pap] for details on this
structure.

Theorem 6.5. The piecewise linear structure defined above on ∂GT
cf

H2 (S) is
the same as the one discussed in [Pap].

Proof. In [Pap] the piecewise linear structure is defined using train tracks.
An admissible train track on S, is a graph embedded in S satisfying certain
conditions. A measure on a train track is a function from the set of the edges
in R>0, satisfying, again, certain conditions. There exists an enlargement
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operation associating to every measured admissible train track a measured
foliation f on S, hence a point of C(∂GT

cf

H2 (S)).
If τ is a fixed train track with n edges, every measure on τ may be

identified with a point of (R>0)
n, and the subset of all these point is a poly-

hedral conic subset, that will be denoted by Cτ . The enlargement operation
defines a map φτ : Cτ −→ C(∂GT

cf

H2 (S)). If every connected component of

S \τ is a triangle, the image φτ (Cτ ) = Vτ is an open subset of C(∂GT
cf

H2 (S)).
Moreover the map φτ is an homeomorphism with its image.

The union of the open sets Vτ is the whole C(∂GT
cf

H2 (S)). So every Vτ

is identified with Cτ in such a way that the changes of charts are piecewise
linear. This way we have described a piecewise linear atlas for C(∂GT

cf

H2 (S)),
the piecewise linear structure defined by Thurston.

We want to show that the identity map is a piecewise linear map if
we endow the domain with the Thurston’s piecewise linear structure, and
the codomain with the structure defined above. This implies that the two
structure are equal.

To show this we need to prove that the maps φτ are piecewise linear
if we endow the codomain with the structure defined above. We choose
an injective family A ⊂ π1(S), and the cone C(∂FA

T cf

H2 (S)) is a subset of

RFA . The coordinates of the map φτ : Cτ −→ C(∂FA
T cf

H2 (S)) ⊂ RFA , can be
described as follows, for each element γ ∈ A the corresponding coordinate of
φτ is the function that associate to a measure µ on τ the number (I(f, γ)),
where f is the foliation constructed by the enlargement of the measured
train track (τ, µ).

For all γ ∈ A it is easy to see that the corresponding coordinate is
piecewise linear. We choose a curve c that is freely homotopic to γ, such
that c does not contain any vertex of τ and such that it intersects every
edge transversely. Now we define the function pγ : Cτ −→ R as the sum
of the measures of all the edges intersected by c, counted with multiplicity.
This function is the restriction of a linear function with positive integer
coefficients. The coordinate of φτ corresponding to γ is simply the minimum
of all the function pγ , and locally the minimum may be taken over a finite
numbers of linear functions, so the result is a piecewise linear function.
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[Ha2] U. Hamenstädt, Parametrizations of Teichmüller spaces and its
Thurston boundary, Geometric Analysis and Nonlinear PDE,
81–88, Springer, Berlin, 2003.

[JM87] D. Johnson, J. J. Millson, Deformation spaces associated to com-
pact hyperbolic manifolds, in “Discrete groups in geometry and
analysis”, Prog. in Math. 67 (1987), 48–106, Boston–Basel.

[Ki01] I. Kim, Rigidity and deformation spaces of strictly convex real
projective structures on compact manifolds, J. Diff. Geometry 58

(2001) 189–218.

[Lo84] W. L. Lok, Deformations of locally homogeneous spaces and
Kleinian groups, Doctoral dissertation, Columbia University
(1984).

34

http://perso.univ-rennes1.fr/michel.coste/polyens/OMIN.pdf


[MS84] J. W. Morgan, P. B. Shalen, Valuations, trees, and degeneration
of hyperbolic structures, I, Annals of Math. 120 (1984), 401–476.

[MS88] J. W. Morgan, P. B. Shalen, Degeneration of hyperbolic struc-
tures, II: Measured laminations in 3-manifolds, Annals of Math.
127 (1988), 403–456.

[MS88’] J. W. Morgan, P. B. Shalen, Degeneration of hyperbolic struc-
tures, III: Actions of 3-manifold groups on trees and Thurston’s
compactness theorem, Annals of Math. 127 (1988), 457–519.

[Mu76] D. Mumford, Algebraic Geometry I Complex Projective Vari-
eties, Springer-Verlag, 1976.

[MFK94] D. Mumford, J. Fogarty, F. Kirwan, Geometric invariant theory,
3rd ed., Springer, 1994.

[Na00] K. Nakamoto, Representation Varieties and Character Varieties,
Publ. RIMS, Kyoto Univ. 36 (2000), 159–189.

[Pap] M. A. Papadopoulos, Reseaux ferroviaires, diffeomorphismes
pseudo-Anosov et automorphismes symplectiques de l’homologie
d’une surface, Phd Thesis, 1983.

[Pr76] C. Procesi, The invariant theory of n×n matrices, Advances in
Math. 19 (1976), 306–381.

[ST] B. Sturmfels, J. Tevelev, Elimination Theory for Tropical Vari-
eties, arXiv:0704.3471.

[Te] J. Tevelev, Compactifications of subvarieties of tori, American
Journal of Mathematics 129 (2007) 1087–1104.

[Th] W. Thurston, The geometry and topology of three-manifolds,
preprint.

[Ve70] J. Vey, Sur les automorphismes affines des ouverts convexes sail-
lants, Ann. Scu. Norm. Sup. Pisa 24 (1970) 641–665.

[ZS2] O. Zariski, P. Samuel, Commutative Algebra, vol 2, Springer-
Verlag, 1975.

35

http://arXiv.org/abs/0704.3471

	Introduction
	Compactification of semi-algebraic sets
	Embedding-dependent compactification
	Embedding-independent compactification
	Limit compactification

	Properties of the boundary
	Group actions and compactifications
	Injective families and the piecewise linear structure
	Non-archimedean description

	Character varieties over real closed fields
	Representation varieties
	Character varieties
	Real closed case

	Spaces of projective structures
	Deformation spaces
	Convex projective structures
	Spaces of convex projective structures
	Compactification

	Compactification of Teichmüller spaces
	Teichmüller spaces and character varieties
	Compactification
	Existence of an injective family
	The smallest injective families
	Description of the piecewise linear structure


